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CURVATURE OF MULTIPLY WARPED PRODUCTS 



FERNANDO DOBARRO AND BULENT UNAL 



^^ ■ Abstract. In this paper, we study Ricci-flat and Einstein Lorentzian multiply 

*vj ' warped products. We also consider the case of having constant scalar curvatures 

for this class of warped products. Finally, after we introduce a new class of space- 
i^ ' times called as generalized Kasner space-times, we apply our results to this kind of 

space-times as well as other relativistic space-times, i.e., Reissner-Nordstrom, Kasner 



space-times, Bafiados-Teitelboim-Zanelli and de Sitter Black hole solutions. 
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1. Introduction 

The concept of warped products was first introduced by Bishop and O'Neill (see 
[20\ ) to construct examples of Riemannian manifolds with negative curvature. In 
Riemannian geometry, warped product manifolds and their generic forms have been 
used to construct new examples with interesting curvature properties since then (see 
[iniEniEllEZllSaiinillllEaEnilMlEZlinni)- in Lorentzlan geometry, it was first noticed 
that some well known solutions to Einstein's field equations can be expressed in terms 
of warped products in J2] and after that Lorentzian warped products have been used 
to obtain more solutions to Einstein's field equations (see P^ ITH l lTn i OIH HH [ ^ IHH] ) . 
Moreover, geometric properties such as geodesic structure or curvature of Lorentzian 
warped products have been studied by many authors because of their relativistic ap- 
plications (see laisiiiiisiiiniiiiiiiiiiziEaisiiMiinniisaissiisiiMiisziiisi^ 

ESI Ea EHl EHl EOl EH Ei IZ3 ) ■ 

We recall the definition of a warped product of two pseudo-Riemannian manifolds 
{B^qb) and {F^gp) with a smooth function b: B ^ (0, oo) (see also JEIES])- Sup- 
pose that [B^qb) and {F,gp) are pseudo-Riemannian manifolds and also suppose that 
6: -B ^ (0, oo) is a smooth function. Then the (singly) warped product, B x f,F is the 
product manifold B x F equipped with the metric tensor g = qb ® b'^dF defined by 

g = 7r*{gB)®{bo7,fa*{gF) 

where n: B x F ^ B and a: B x F ^ F are the usual projection maps and * denotes 
the pull-back operator on tensors. Here, {B^gp) is called as the base manifold and 
{F^gp) is called as the fiber manifold and also h is called as the warping function. 

Generalized Robertson- Walker space-time models (see jH ^2 [33 IMl EOl 1^) and 
standard static space-time models (see 0131311531201) that are two well known solutions 
to Einstein's field equations can be expressed as Lorentzian warped products. Clearly, 
the former is a natural generalization of Robertson- Walker space-time and the latter is a 
generalization of Einstein static universe. One way to generalize warped products is to 
consider the case of multi fibers to obtain more general space-time models (see examples 
given in Section 2) and in this case the corresponding product is so called multiply 
warped product. In |^, covariant derivative formulas for multiply warped products 
are given and the geodesic equation for these spaces are also considered. The causal 
structure, Cauchy surfaces and global hyperbolicity of multiply Lorentzian warped 
products are also studied. Moreover, necessary and sufficient conditions are obtained 
for null, time-like and space-like geodesic completeness of Lorentzian multiply products 
and also geodesic completeness of Riemanninan multiply warped products. In ^22^ .211] . 
the author studies manifolds with C'^-metrics and properties of Lorentzian multiply 
warped products and then he shows a representation of the interior Schwarzschild 
space-time as a multiply warped product space-time with certain warping functions. 
He also gives the Ricci curvature in terms of 6i, 62 for a multiply warped product of the 
form M = (0,2m) Xt^ M^ x^,^ S^. In [32, physical properties (2-1-1) charged Bahados- 
Teitelboim-Zanelli (BTZ) black holes and (2-1-1) charged de Sitter (dS) black holes 
are studied by expressing these metric as multiply warped product space-times, more 
explicitly, Ricci and Einstein tensors are obtained inside the event horizons (see also (HI ) • 
In inni, the existence, multiplicity and causal character of geodesies joining two points 
of a wide class of non-static Lorentz manifolds such as intermediate Reissner-Nordstrom 
or inner Schwarzschild and generalized Robertson- Walker space-times are studied. In 
inZl, geodesic connectedness and also causal geodesic connectedness of multi- warped 
space-times are studied by using the method of Brouwer's topological degree for the 
solution of functional equations. There are also different types of warped products such 
as a kind of warped product with two warping functions acting symmetrically on the 
fiber and base manifolds, called as a doubly warped product (see |74j ) or another kind 
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of warped product called as a twisted product when the warping function defined on 
the product of the base and fiber manifolds (see |3S1)- Moreover, Easley studied Local 
Existence Warped Product Structures and also defined and considered another form of 
a warped product in his thesis (see ji3I j ) . 

In this paper, we answer some questions about the existence of nontrivial warp- 
ing functions for which the multiply warped product is Einstein or has a constant 
scalar curvature. This problem was considered especially for Einstein Riemannian 
warped products with compact base and some partial answers were also provided (see 
|41[ 152^.53. .54. )■ In p3] . it is proved that an Einstein Riemannian warped product with 
a non-positive scalar curvature and compact base is just a trivial Riemannian product. 
Constant scalar curvature of warped products was studied in (23 I2Z1 IHSl inB] when the 
base is compact and of generalized Robertson- Walker space-times in [HSl- Furthermore, 
partial results for warped products with non-compact base were obtained in [^ and |21j . 
The physical motivation of existence of a positive scalar curvature comes from the pos- 
itive mass problem. More explicitly, in general relativity the positive mass problem 
is closely related to the existence of a positive scalar curvature (see (ZH])- As a more 
general related reference, one can consider |SJ| to see a survey on scalar curvature of 
Riemannian manifolds. The problem of existence of a warping function which makes 
the warped product Einstein was already studied for special cases such as generalized 
Robertson- Walker space-times and a table given the different cases of Einstein gener- 
alized Robertson- Walker when the Ricci tensor of the fiber is Einstein in |2] (see also 
references therein). Einstein Ricci tensor and constant scalar curvature of standard 
static space-times with perfect fluid were already considered in j55l I63j . Moreover, in 
|56j . the conformal tensor on standard static space-times with perfect fluid is stud- 
ied and it is shown that a standard static space-time with perfect fluid is conformally 
flat if and only if its fiber is Einstein and hence of constant curvature. In j28j . this 
problem is considered for arbitrary standard static space-times, more explicitly, an es- 
sential investigation of conditions for the fiber and warping function for a standard 
static space-time (not necessarily with perfect fluid) is carried out so that there exists 
no nontrivial function on the fiber guaranteing that the standard static space-time is 
Einstein. Duggal studied the scalar curvature of 4-dimensional triple Lorentzian prod- 
ucts of the form L x B x -fF and obtained explicit solutions for the warping function 
/ to have a constant scalar curvature for this class of products (see |30j). Moreover, in 
the present paper, we introduce an original form to generalize Kasner space-times and 
then we obtain necessary and sufficient conditions as well as explicit solutions, for some 
special cases, for a generalized Kasner space-time to be Einstein or to have constant 
scalar curvature. Besides than the form mentioned here, there are also other general- 
izations in the literature (see |4(i | I58 j ). In ^^, an extension for Kasner space-times is 
introduced in the view of generalizing 5-dimensional Randall-Sundrum model to higher 
dimensions and in j^HI) another multi-dimensional generalization of Kasner metric is 
described and essential solutions are also obtained for this class of extension. One can 
also consider (2^1 ISHl QZl QHl 1^ lEEl EOJ for recent applications of Kasner metrics and 
its generalizations. 

We organize the paper as follows. In Section 2, we give several basic geometric 
facts related to the concept of curvatures (see JZHIIZS])- Moreover, we recall two well 
known examples of relativistic space-times which can be considered as generalized mul- 
tiply Robertson- Walker space-times. In Section 3, we obtain two results in which, 
under several assumptions on the fibers and warping functions, multiply generalized 
Robertson- Walker space-times are Einstein or have constant scalar curvature. In Sec- 
tion 4, after we introduce generalized Kasner space-times, we state conditions for this 
class of space-times to be Einstein or to have constant scalar curvature. In Section 5, we 
give an explicit classification of 4-dimensional multiply generalized Robertson- Walker 
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space-times and 4-dimensional generalized Kasner space-times which are Einstein. In 
the last section, we focus on BTZ (2+1)- Black Hole solutions and classify (BTZ) black 
hole solutions given in Section 2 by using a more formal approach (see |H1 1^1 1451 I62j ) 
and then we also prove necessary and sufficient conditions for the lapse function of 
a BTZ (2+1) Black Hole solution to have a constant scalar curvature or to be Ein- 
stein. Our main results are obtained in Sections 3,4 and 5, especially see Theorem A^.'^ 
Propositions \4-^ and \4. l1\ as well as Tables 1,2 and 3. 

2. Preliminaries 

Throughout this work any manifold M is assumed to be connected, Hausdorff, para- 
compact and smooth. Moreover, I denotes for an open interval in M of the form 
/ = (ii,t2) where — oo < ti < ^2 ^ oo and we will furnish / with a negative met- 
ric —dt^. A pseudo-Riemannian manifold {M,g) is a smooth manifold with a metric 
tensor g and a Lorentzian manifold (M, g) is a pseudo-Riemannian manifold with sig- 
nature (—,+,+,••• ,+). Moreover, we use the definition and the sign convention for 
the curvature as in iT^. For an arbitrary n-dimensional pseudo-Riemannian manifold 
{M,g) and a smooth function /: M — > M, we have that H'^ and A(/) denote the Hes- 
sian (0,2) tensor and the Laplace-Beltrami operator of /, respectively (IHSl)- Here, 
we use the sign convention for the Laplacian in |65), i.e., defined by A = trg(H), (see 
page 86 of [511) where H is the Hessian form (see page 86 of [HHl) and tr^ denotes 
for the trace, or equivalently, A = div(grad), where div is the divergence and grad is 
the gradient (see page 85 of j65jl. Furthermore, we will frequently use the notation 
II grad /IP = (7(grad/, grad/). When there is a possibility any misunderstanding, we 
will explicitly state the manifold or the metric for which the operator is considered. 

We begin our discussion by giving the formal definition of a multiply warped product 
(see US]). 

Definition 2.1. Let [B^gs) and {Fi,gF^) be pseudo-Riemannian manifolds and also 
let hi'. B ^f (0, oo) be smooth functions for any i S {1, 2, • • • , m}. The multiply warped 
product is the product manifold M = BxFixF2X---x Fm furnished with the metric 
tensor g = gs ® bfgp-^ © 639^2 © • • • © b1^9Fm defined by 

(2.1) 9 = TT*{gB)® ih o Trfaligp,) © • • • © (6„ o 7rfa*^igFj 

Each function hi'. B ^ (0, 00) is called a warping functions and also each manifold 
{Fi,gp.) is called a fiber manifold for any i £ {1,2,- •• ,m}. The manifold {B^gs) is 
the base manifold of the multiply warped product. 

• If 771 = 1, then we obtain a singly warped product. 

• If all 6i = 1, then we have a (trivial) product manifold. 

• If (S, gs) and {Fi,gp.) are all Riemannian manifolds for any i S {1, 2, • • • , m}, 
then (M, g) is also a Riemannian manifold. 

• The multiply warped product (M, g) is a Lorentzian multiply warped product 
if (Fi,gpJ are all Riemannian for any i £ {1,2,- •• ,m} and either {B,gB) is 
Lorentzian or else [B^gs) is a one-dimensional manifold with a negative definite 
metric —dt^. 

• If B is an open connected interval / of the form / = (ti,t2) equipped with the 
negative definite metric gs = — dt^, where —00 < ti < ^2 < oo, and (Fi^gp^) 
is Riemannian for any i G {1, 2, • • • , m}, then the Lorentzian multiply warped 
product (M, g) is called a multiply generalized Robertson- Walker space-time 
or a multi-warped space-time. In particular, a multiply generalized Robertson- 
Walker space-time is called a generalized Reissner-Nordstrom space-time when 
m = 2. 

We will state the covariant derivative formulas for multiply warped products (see 

m ESI ESI). 
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Proposition 2.2. Let M = B x i,^Fi x ■ ■ ■ x bm.Fm be a pseudo-Riemannian multiply 
warped product with metric g = qb ® b^gp-^ © • • • © b'^gp^ also let X,Y G S.{B) and 
V £ 2{Fi), W e 2{Fj). Then 

(1) VxY = vf y 

(2) VxV = VvX = ^^V 



(3) VvW 



ifi^j 



One can compute the gradient and the Laplace- Beltrami operator on M in terms of 
the gradient and the Laplace- Beltrami operator on B and Fi, respectively. From now 
on, we assume that A = Am and grad = grad^ to simphfy the notation. 

Proposition 2.3. Let M = B x ^,^Fi x ■ ■ ■ x bm,Fm be a pseudo-Riemannian multiply 
warped product with metric g = gs® bfgp^ © • • • © b'^gPm o-nd : i? — > M and ^j : Fj — > R 
be smooth functions for any i £ {!,• ■ ■ , m}. Then 

(1) grad((/) o vr) = grad^ 4> 

grad^. ipi 

(2) grad(V'i o ai) = 



b: 



(3) A(0 o vr) = Abc/> + J: ,^^9B{gr^^B4>,gr.d^b,) 
(A) Aiij.oa.): ^^^^^ 



'^ 



bl 
Now, we wiU state Riemannian curvature and Ricci curvature formulas from |73j . 

Proposition 2.4. Let M = B x ^^Fi x ■ ■ ■ x bm,Fm be a pseudo-Riemannian multiply 
warped product with metric g = gs ® b^gpi © • • • © b'^gPm o.lso let X,Y, Z £ ^{B) and 

V G £{Fi),W G £{Fj) and U G £{Fk). Then 

(1) R{X,Y)Z = Rb{X,Y)Z 

(2) R{V,X)Y = -^^^^^^^V 

bi 

(3) R{X, V)W = R{V, W)X = R{V, X)W = if i^j. 

(4) R{X,Y)V = 

(5) R{V, W)X = if i = j. 

(6) R{V, W)U = if i = j and i,j / k. 

i^\ D^mnw f.r MinSB{&:^<^Bbhg'^i^<^Bbk) jj ., ■ ■ >• • /> 

(7) R{U,V)W = -g{y,W) — U if i = j andi,j ^ k. 

t>it>k 

(8) R{X,V)W = ^^^^V^{gradj,k) ^/ i = j. 

(9) R{V,W)U = RfSV,W)U +^^^^^^^ {g{V,U)W - g{W,U)V) tfi,j = k. 

Proposition 2.5. Let M = B x 5^Fi x • • • x tm^m be a pseudo-Riemannian multiply 
warped product with metric g = gs (B blgp-^ © • • • © b'^gPr^, also let X,Y, Z £ 2,{B) and 

V G £(Fi) and W G £(Fj). Then 

m 

(1) Ric(x,y) = RicB(x,y)-J^^H'^(x,y) 



(2) Ric(X, y) = 

(3) mc{v,w) = Qif i^j. 



1=1 
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(4) mciv,w) = mc^Av,w) - ( ^ + («. - 1)^^^^|^ 



m 



+ ^ s, — )9{V,W)^f ^=J. 

Now, we will compute the scalar curvature of a multiply warped product. In order to 
do that, one can use the following orthonormal frame on M constructed as follows: 

T ( d d ] ( d d ] ^ 

Let < -rr—r, • • • , — — } and < -r— r, • • • , „ „. } be orthonormal frames on open sets 

U (^ B and Vi (^ Fi, respectively for any i £ {!,••• , rn}. Then 

d d d d d d 



dx^ ' ' dx^' bidyl ' ' &i9yf ' ' bmdyl^ ' ' bmdyp^ 

is an orthonormal frame on an open set W '^ B x F contained in U x V Q B x F, 
where F = Fi x • • • x Fm- 

Proposition 2.6. Let M = B x ^-^Fi x ■ ■ ■ x bm^m be a pseudo-Riemannian multiply 
warped product with metric g = qb® b^gpi © • • • © b'^gPm ■ Then, r admits the following 
expressions 

(1) 



m m 

i=l i=l ^ i=l ^ 



A 7 "'' '"' II 1711 V 

Bbi sr^TF, _sr^ , ^J|grad^6i||^ 

4 = 1 ' 4 = 1 

5rB(grad^^i,grad5&fc) 



m m 

1=1 k=l,kfi 



(2) 



m 
TB-J^S.^^-divJ^ 
i=l "* i=l 



Ab6j ^-^ grad^fej 

s,: ^ 



grad^ bi ^^ ^ grad^ bi\ , s^ Tp^ 

,2 • 



\j=i * j=i * / 1=1 « 



The following formula can be directly obtained from the previous result and noting 
that on a multiply generalized Robertson- Walker space-time grad^ftj = —b',-, \\ grad^ ^ille 

= -(fo'j)^, 9B{-rr,Tr\ = -li H^ ( ^> ^ ] =b'l and l^sh = -b'l, we denote the usual 
derivative on the real interval / by the prime notation (i.e., /) from now on. 

Corollary 2.7. Let M = L x h^Fi x ■ ■ ■ x bm^m be a multiply generalized Robertson- 
Walker space-time with the metric g = —dd? © fef^Fi © • • • © b'^gp^- Then, r admits the 
following expressions 

(1) 

m ,„ m m fU\'2 mm ,/,/ 



i=l * j=l « 1 = 1 « j=l k = l,kyti * '^ 



(2) 



m 



i=i * \i=i V \i=i V 1=1 * 
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We now give some physical examples of relativistic space-times and state some of their 
geometric properties to stress the physical motivation and importance of Lorentzian 
multiply warped products. The first example is Schwarzschild black hole solution or 
known as inner Reissner-Nordstrom space-time and the second one is Kasner space- 
time. Our last two examples are closely related to each other, more explicitly, the third 
example is Bahados-Teitelboim-Zanelli (BTZ) black hole solution and the final example 
is de Sitter (dS) black hole solution. 

• Schwarzschild Space-time 

We will briefly discuss the interior Schwarzschild solution. We show how the interior 
solution can be written as a multiply warped product. 

The line element of the Schwarzschild black hole space-time model for the region 
r < 2m is given as (see |H] 1 

ds^ = - f ^ - 1 V' dr^ +(^-^-A dt^ + r'dn' 



where dJ^^ = ^02 _^ ^^^^2 q^^2 ^^ g2_ 

In [221, it is shown that this space-time model can be expressed as a multiply gener- 
alized Robertson- Walker space-time, i.e., 

ds^ = -dt^ + bl{t)dr'^ + 6i(t)dn2, 

where 

bi{t) = J^^-l and b2it) = F-\t) also 



\ ] — \Jr{2im — r) such that 

lim F{r) = tjitt and lim F{r) = 0. 

r— >2m r— >0 

Moreover, we also need to impose the above multiply generalized Robertson- Walker 
space-time model for the Schwarzschild black hole to be Ricci-flat due to the fact that 
the Schwarzschild black hole is Ricci-flat (see also the review of Miguel Sanchez in AMS 
for 22 ). 

• Kasner Space-time 

We consider the Kasner space-time as a Lorentzian multiply warped product (see 



A Lorentzian multiply warped product (M, g) of the form M = (0, oo) x ^pi M x iP2M x 
tPsM with the metric g = -dt"^ t^^Mx^ t^^My^ t'^P^dz'^ is said to be the Kasner 
space-time if pi + P2 + P3 = (pi)^ + (^2)^ + (pa)^ = 1 (see HH]). 

It is known by [13] that —1/3 < pi,P2,P3 < 1- It is also known that, excluding the 
case of two pj's zero, then one pi is negative and the other two are positive. Thus we 
may assume that —1/3 < pi < < p2 < Ps < 1 by excluding the case of two pi's zero 
and one pi equal to 1. Furthermore, the only solution in which p2 = ps is given by 
pi = —1/3 and P2 = P3 = 2/3. Note also that since —1/3 < pi,P2,P3 < 1, we have to 
assume B to be (0,oo). Clearly, the iTasner space-time is globally hyperbolic (see [75]). 

By making use of the results in ^25,, it can be easily seen that the Kasner space- 
time is future-directed time-like and future-directed null geodesic complete but it is 
past-directed time-like and past-directed null geodesic incomplete. Moreover, it is also 
space-like geodesic incomplete. 

Notice that the Kasner space-time is Einstein with A = (i.e., Ricci-flat) (see |49| 
and page 135 of I59j l and hence has constant scalar curvature as zero. This fact can be 
proved as a particular consequence of our results in the next section, namely by using 
TheoremUni 

• Static Baiiados-Teitelboim-Zanelli (BTZ) Space-time 
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In |1S], authors classify (BTZ) black hole solutions in three different classes as static, 
rotating and charged. Here, we will only give a brief description of a static BTZ 
space-time in terms of Lorentzian multiply warped products, i.e., multiply generalized 
Robertson- Walker space-times (see also jSliniini])- The line element of a static BTZ 
black hole solution can be expressed as 

ds^ = -iV-2dr2 + Ar2dt2 + r'^dil'^, 

where dfi^ = dO"^ + sin^ Odip^ on S^. 

The line element of the Static BTZ black hole space-time model for the region r < th 
can be obtained by taking 



N'^ = m 



r 



2 



/2- 

In this case, the space-time model can be expressed as a multiply generalized Robertson- 
Walker space-time, i.e., 

„2 jj.2 I i2u\AJi I ^,2/'4^Jr>2 



ds^ = -dt' + 6|(t)dr^ + 6^(t)dO' 



where th = ly/m 



/ iF-^(t)V 
bi{t) = \lm- -^-^^ and 62 (i) = F {t) also 

t = Fir) = I arcsin ( — I such that 

In 
lim F{r) = — and lim F{r) = 0. 

Here, note that the constant scalar curvature r of the multiply generalized Robertson- 
Walker space-time introduced above is r = —Q/P (see 15 ) or apply Corollary \2//] 

Note that, in HSl, they also classify (dS) black hole solution in three classes as static, 
rotating and charged, similar to (BTZ) black hole solutions (see jSHnHnH)- 

We now state a couple of results which we will frequently be applied along this article. 

The first one is an easy computation which we will show explicitly below. Let (M, g) 
be an n-dimensional pseudo-Riemannian manifold. For any t E R and v G C^(^{B) = 
{vGC^iB) : v>0}. 



'A„^l 

(2.2) 



gradg V* = 


tv gradg V 


Agv' = t[{t - l)v'-^\\ gradg vfg + v'- 


\^' , 


L_ l|gradH|2^A,.l 

V^ V 


yt * 



The second one is a lemma that follows (for a proof and some extensions as well as 
other useful applications, see Section 2 of j29j). 

Lemma 2.8. Let {M,g) be an n-dimensional pseudo-Riemannian manifold. Let Lg be 
a differential operator on C^q{M) defined by 

(2-3) V = E-^^' 

k k 

where ri, Oj G M and C, '■=/ fiai, rj :=y r^a^ . Then, 

i=l 1=1 

(i) 

llgrad^vll^ A^y 
(2.4) Lgv = {v-C y J "^ +c- " 



v^ V 
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c c^ 

(ii) // C 7^ and t] ^ 0, for a = — and (3 = — , then we have 

T] T] 

A - 

(2.5) Lgv = (3^. 

Va 

3. Special Multiply Warped Products 

3.1. Einstein Ricci Tensor. In this section, we state some condition to guarantee 
that a multiply generalized Robertson-Walker space-time is Ricci-flat or Einstein. 

Now, we recall some elementary facts about Einstein manifolds starting from its 
definition. 

Recall that an n-dimensional pseudo-Riemannian manifold (M, g) is said to be Ein- 
stein if there exists a smooth real-valued function A on M such that Ric = A^, and A 
is called the Ricci curvature of {M,g) (see also page 7 of 6 ). 

Remark 3.1. Concerning to this notion, it should be pointed out: 

(1) If {M,g) is Einstein and n > 3, then A is constant and A = r/n, where r is the 
constant scalar curvature of {M,g). 

(2) If {M,g) is Einstein and n = 2, then A is not necessarily constant. 

(3) If {M,g) has constant sectional curvature k, then {M,g) is Einstein with A = 
k{n — 1) and has constant scalar curvature t = n{n — l)k. 

(4) {M,g) is Einstein with Ricci curvature A and n = 3, then {M,g) is a space of 
constant (sectional) curvature K = A/2. 

(5) If (M, g) is a Lorentzian manifold then (M, g) is Einstein if and only if Ric(f , v) = 
0, for any null vector field v on M. 

By using Proposition \2.,'^ we easily obtain the Ricci curvature of Lorentzian multiply 
warped products, (M, g) of the above form. 



Proposition 3.2. Let M = L x bi^i x • • • x bm^m be a multiply generalized Robertson- 

d_ 
dt 



Walker space-time with the metric g = —dt^ © b\gF^ © • • • © b'^gF^ also let ^ G ^{I) 
and Vi S X(Fj), for any i G {1, • • • , m}. Lf v = YlT^i '^i ^ ^(-^); then 

Ricf — + v, — + t;j = '^(RicF,ivi,Vi) + (bib'- +{si-l){b'. 



\dt ' dt 

*" b' \ b'! 

+ bib[ ^ Sk-^\gF,{vi,Vi) - Si^ 

Proof. By substituting X = -- — \- } Vi and Y = -- — \-y Vi and by noting that 

ot ^-^ ot ^-^ 

qI^qI) = ~1' 9B{gTadBbi,gTadBbi) = -(6■)^ ^b ( ^'^ ) = ^^'' 



Q Q 
^sbi = —b'l and Ric^ ( ^j;^ ) =0 ^'^^ by using Provosition \2.5l we obtain the 

result. n 

The following result can be easily proved by substituting Vj = for any j £ 
{!,••• , m} — {i} and Vi ^ 0, in Proposition \3. IJI along with the method of separation of 
variables. 

Theorem 3.3. Let M = L x b^Fi x ■ ■ ■ x bm^m be a multiply generalized Robertson- 
Walker space-time with the metric g = — dt^ © b\gF'^ © • • • © b'^gF^- The space-time 
{M,g) is Einstein with Ricci curvature A if and only if the following conditions are 
satisfied for any i G { 1 , • • • , m} 
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(1) each fiber {Fi,gp.) is Einstein with Ricci curvature Xp- for any i G {1, • • • ,m}, 

(2) ^-Si-^ = A and 



1=1 



h' 

k=i,k^i ^ 



Remark 3.4. In Theorem \3.^ Equation (3) can be expressed in different forms and here 
we want to present some of them. By applying Eauation \2.!d we can have 

or equivalently, 

3.2. Constant Scalar Curvature. It is possible to obtain equivalent expressions for 
the scalar curvature in Corollary \2. 7| namely the following just follows from Equation 



i=l 

„2 



h b: 



m mm U U> 



lib III ,/ ,/ 



m 

i=i I i=i k=i,k^i * '^ 



Since 2sj 7^ and Si + s^ = Sj(sj + 1) 7^ 0, by Lemma [KR there results 



mm , , , , 



■lit . fi 9 \ii III III III ,/ 7/ 

j=i * 6. 2 i=i * i=i k=\,k+i * '^ 



Thus, defining ipi = b^ ^ , results 



£3+1 



2 2 



V- 4s, Vf V- r^- sr- sr- ii^rYi^ 



= 1 * ^ ^* i=l ^f' + l i=\ k = l,k^i ^f'+^ ^=fc 



Note that when m = 1 this relation is exactly that obtained in 'ST^ and [29^ when 
the base has dimension 1. 

The following result just follows from the method of separation of variables and the 
fact that each rj?. : Fj ^ M is a function defined on Fi, for any i £ {!,■ ■ ■ , m}. 

Proposition 3.5. Let M = I x f^-^^Fi x ■ ■ ■ x bm^m be a multiply generalized Robertson- 
Walker space-time with the metric g = — dt^ © bfgFi © • • • ® b'^OFm- ^f ^^^ space-time 
{M,g) has constant scalar curvature r, then each fiber {Fi,gF.) has constant scalar 
curvature Tp., for any i G {!,••• , rn}. 

As one can notice from the above formula, it is extremely hard to determine general 
solutions for warping functions which produce an Einstein, or with constant scalar 
curvature multiply generalized Robertson- Walker space-time. Note that non-linear 
second order differential equations need to be solved according Theorem \cl.ci\ Further 
note that there is only one differential equation and m different warping functions in 
Corollary \2.T\ Therefore instead of giving a general answer to the existence of warping 
functions to get an Einstein, or with constant scalar curvature, space-time, we simplify 
this problem and consider some specific cases in mentioned Sections 4 and 5. 
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4. Generalized Kasner Space-time 

In this section we give an extension of Kasner space-times and consider their scalar 
and Ricci curvatures. 

Definition 4.1. A generalized Kasner space-time {M,g) is a Lorentzian multiply 
warped product of the form M = I x ^piFi x ■ ■ ■ x ^pm Fm with the metric g = 
-dt^ © if'^^^gPi © ••• © ^"^^"^dFm^ where ip: I ^ {0,oo) is smooth and pi G M, for 
any i £ {1, • • • , m} and also / = (^1,^2) with —00 < ti < ^2 < 00. 

Notice that a Kasner space-time can be obtained out of a form defined above by 
taking Lp = /d(o,oo) with m = 3 and I = (0,cx)), where /d(o,oo) denotes for the identity 
function on (0, 00) (see (13]). 

From now on, for an arbitrary generalized Kasner space-time of the form in Definition 
\41[ we introduce the following parameters 

m m 

iCv) C-=^Sipi and r] :=^sip^. 

1=1 1=1 

m 

Remark 4.2. Note that C / implies 1] ^ and in this case, defining S = >^ si, results 

1=1 
77 1 
— > — . The latter is for example consequence of the Holder inequality (compare with 

page 186 of [IS). 

By applying Theorem \^.c\ we can easily state the following result and later we will 
examine the solvability of the differential equations therein. 

Proposition 4.3. Let M = I x ip^^Fi x ■ ■ ■ x ip^F^ be a generalized Kasner space-time 
with the metric g = — dt^ © ip^P^gp^ © • • • © ^'^^"^gPm- Then the space-time {M,g) is 
Einstein with Ricci curvature A if and only if 

(1) each fiber (Fi,gp.) is Einstein with Ricci curvature Xp for any i € {1, • • • ,m}, 



,^^ (/jPi ■■ - (/?- ^ ip 



Af, 



(3) -i^+P^ 



ip^ 9?. 



A. 



Remark 4.4. Moreover, if in Proposition \4.c\ we assume that C 7^ also, then by Remark 
y^is r] ^ 0. Hence, (3) is equivalent to 



n{3) 



af, , p^ {p^^r 



and (2) is equivalent to 

Proof, (of Proposition \4 ■ 'J\ and Remark \4.4l In order to prove (3), note that Equation 
{EgRw - i) says 

A^, i{^pp^ i^p^y ^ {^p^y 

— n 1 1 / Sk = A. 

ip'^Pi Si ipPi^i ipPi ^ — ' {pPk 

K^^ 1_ ^K-f—l 

Hence, by Equation 1)2. 2|) . 

Af , ,Ap>T ^" v>' ^ v>' . 

-^T;r + Pi[PiSi - 1) — 5-+PJ hPi— >^ SkPk— = X, 

p.'^V. ^2 ^ V k^k^^ ^ 
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and from here 



Af. 



ip 



2pi 



+ Pi 



{piSi - 1) + ^ SkPk 



C^2 



,^2 



+ Pi 






A. 



So, 



and by the definition of Q 



+ Pi 






fc=l 



ip^ 



^ 
v? 



Af„ 



Lp- 



2pi 



+ Pi 



r,'\2 



(C- 



1)^+^ 



^^ 



v? 



A. 



If furthermore C 7^ 0; applying again Equation 
On the other hand, from (2) of Theorem \3.^ 



results {E J^ 



A 



1=1 



,pi y> 



ippi 



and by Lemma \2.t^ (a) 



A = (r/ - C) 



(V^^ 



/\2 



^" 



ir>" 

+ c— • 



(2) 



Hence, if C / and as consequence rj y^ 0, applying Lemma\K^ (b), results {E J^—i). D 

Note that, from now on and also including the previous result, when we apply Lemma 
\2.tA we denote the usual derivative in equations by means of the prime notation. 

Remark 4.5. Note that the conditions C ^ and tj ^ agree with the conditions 
usually imposed in the classical Kasner space-times, namely pi + P2 + Ps = 1 and 
Pi +P2 +P3 = 1 (see |ini)- It is easy to show that the unique possibility to construct 
an Einstein classical Kasner manifold or a constant scalar curvature classical Kasner 
manifold with pi + P2 + Ps = is pi = p2 = Ps = 0, so that we have just a usual 
product. Indeed, considering ip{t) = t, it is possible to apply Proposition \4.3\ and later 
Proposition \4-ll\ respectively. 



Corollary 4.6. Under the hypothesis of Proposition \4^ along with C 7^ and r] ^ 0. 
Assume also that for all i, C ~ Pi ¥" ^ '^'^^ V ~ PiC ¥" 0- Then, M is Einstein if and 
only if for any i £ {1, • • • ,m}, {Fi,gp.) is Einstein Ricci curvature Xp^ and 

{c-p^?r M 



(4.1) 



where Q < ip :- 



rj-piC V 



■ip^- 



PiC 



"iPi 



if ^-Pi 



(3) (2) 

Proof. Indeed, from equations {E jj^ — i) and {E^^ — i), 



Thus, since for all i, C ~ Pi ¥" ^ and ry — piC 7^ 0, then applying Lemma 
just follows. 



the result 

D 



Example 4.7. Under the conditions of the classical Kasner metrics, m = 3, P1+P2+P3 = 
1 andpf +P2+P3 = 1, we have Xp^ = 0, (" = 1 and r/ = 1. Hence the hypothesis C~Pi 7^ 
and r] — piQ 7^ 0, for all z, implies that pi ^ \ for all i. In this case. Equation ()4.1|) 
is equivalent to ^ < ip = ip and ip" = 0, i.e., < p{t) = at + b with a,6 > and 
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a^ + 6^ 7^ 0. Hence, from Equation {E^p. — i), (0, +cx)) x^^n R x^p2 K x^ps M is Ricci 
flat space-time. 

Corollary 4.8. Let us assume the hypothesis of Corollary \^.b\ and that for all i, {Fi,gF.) 
is Ricci flat. Then, AI is Einstein if and only if ip" = with 

v-PjC 
< ^/J := if ''-« , for all i. 

Proof. It is an immediate consequence of Corollary \4.b] D 

Corollary 4.9. Assume that {Ei,gF.) is Ricci flat for all i. Let also C,,ri G M \ {0} 

such that C = V '^'^d ip{t) = at + b with a,b > and a^ + h"^ > 0. If Q = Q, rj = rj, 

C — Pi 7^ and r] — pi( ^ for all i, then M = (0, oo) x Fi x<^pi • • • Xi^pm Em is a Ricci 

1 
flat space-time, where ip = %l)^ . 

Proof. It is sufficient to apply Corollary \4-^ and Proposition^^ D 



Remark 4.10. Note that Corollary \4y\ contains the classical Kasner metrics except the 
case in which at least one Pi = I (really at most one could be 1 because t] = p\+p\+p\ = 
1). 



The following just follows from Corollary \2.1\ and again we discuss the existence of 
a solution for the differential equation below. 

Proposition 4.11. Let M = / x ^^Fi x • • • x ip^Em be a generalized Kasner space-time 
with the metric g = —dt^ © ip^^^gp^ © • • • © 'f'^^"^9Fm- Then the space-time {M,g) has 
constant scalar curvature r if and only if 

(1) each fiber (Ei,gFi) has constant scalar curvature TPi for any i S {!,••• ,rn}, 

and 

II I i\2 ™ 

(2)r = 2C^ + [(C-2)C + ,]i^ + ^^, 
Remark 4.12. If C 7^ 0, then (2) in Proposition \41l] is equivalent to 

Proof, (of Proposition \4.1l\ and Remark \4.1i^ For each i € {1, • • • , m}, let 7j = Pi 
and ipi = ipP\ then by (sc^rvk — ^^0 ^^"^ Equation \2. JJI there results 



Si + l 



^.- I ^.- — M — — h -I- > — ' 

. Si + l 
1=1 

m m 



E^T.f(7.-i)i^ + ^ +E 



i=i V' '■" 



, V- V- 27^ 27fc jif')'^ 

1=1 k=l,kyti 
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Then we have 



Si + 1 



m 

y^ '2siPi [ Pi 

i=l 
m m 

y^ y^ skSiPiPk 

i=l k=l,k^i 



1 



{^'Y , ^^ 



+ 



2 J if'' if 

Ml! 

C^2 



i=l 









SiPi 



2 ( Pi^r; 1 ) + y^ SfcPfc 



(^' 



/\2 



^^ 






i=l 



^p- 



iV' 



,n2 



2C^ + ^sm[{C-2)+p.]'-^ + Y: 



-rp. 



V> 



i=l 



^^ 



i=l 



LP 



2pi 



2c^ + [(c-2K + ,i*^ + E3-^ 



^ 






i=l 



ip^ 



Since (C — 2)( + 77 + 1 = (C — 1)^ + ?7 = if and only if pj = for ah i G {1, • • • , m}, 
if at least one Pi ^ there results by Equation \ 



^ Z^ ,n2p« 



y 1 ((^(c-i)^+'?)^^ 



Hence, if C / 0, applying Lemma 



iC' {^—f 






1=1 ^ 



D 



Corollary 4.13. Under the hypothesis of Proposition \4^Jl\ and C 7^ 0. Then, by chang- 
ed 
ing variables as u = cp ^i , we conclude that the space-time M has constant scalar 

curvature t if and only if 



2 „,// 



C'^ + r] u 



+ E 



m 



4C 

i=i ui^+^ 



Pi 



or equivalently 



m 



-u 



1 + 



+E-^^»' 



1- 



1+* < 



e 



-TU + > TpM i 

i=l 



72- 



Remark 4.14. If (^ 7^ and there is only one fiber, i.e., in a standard warped product, 
the equation in the previous corollary corresponds to those obtained in PTlOUj . 

Example 4.15. Let us assume that C 7^ and each Fi is scalar flat, namely Tp^ = 0. 
Hence, equation in the previous corollary is written as 



4C^ „ 

To ■" 

C^ + r] 



-TU. 
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Thus all the solutions have the form 



u{t) 



^e V ^^ + Se V ^^ if r < 0, 
At + B if r = 0, 



-Cf+a 



t - t'^^+'^ t 

Aey "«' +I3e y ^^ if r > 0, 



with constants A and B such that u > 0. 

If C = 0, by Proposition \4- 11\ we look for positive solutions of the equation 

ip>0. 
Since rj > 0, the latter is equivalent to 

,93 >o. 

Solutions of the equation above are given as, 

where C is a positive constant. 

Note that this example include the situation of the classical Kasner space-times in 
the framework of scalar curvature. Compare with the results about Einstein classical 
Kasner metrics in i?emarfc |^.5| and Example \4-1\ 

5. 4-DlMENSIONAL SpACE-TIME MODELS 

We first give a classification of 4-dimensional warped product space-time models and 
then consider Ricci tensors and scalar curvatures of them. 

Definition 5.1. Let M = I x ^^-Fi x • • • x b,nFm be a multiply generalized Robertson- 
Walker space-time with metric g = — di^ © b^dFi © • • • © b'^dFm- 

• (M, g) is said to be of Type (I) if tti = 1 and dim(F) = 3. 

• {M,g) is said to be of Type (II) if m = 2 and dim(Fi) = 1 and dim(i<2) = 2. 

• {M,g) is said to be of Type (III) if m = 3 and dim(Fi) = 1, dim(i<2) = 1 and 
dim(F3) = 1 

Note that Type (I) contains the Robertson- Walker space-time. The Schwarzschild 
black hole solution can be considered as an example of Type (II). Type (III) includes 
the Kasner space-time. 

5.1. Type (I). Let M = /x5Fbea Type (I) warped product space-time with metric 
g = —dt^ © b'^gp- Then the scalar curvature r of {M,g) is given as 



62 ' \b P 

The problem of constant scalar curvatures of this type of warped products, known as 
generalized Robertson- Walker space-times is studied in 32;, indeed, explicit solutions 
to warping function are obtained to have a constant scalar curvature. 

d 
If u is a vector field on F and x = tt + ?^, then 

ot 

b" 
Ric(x,x) =RicF(v,v) + (bb" + 2(b'f)gF(v,v) -3—. 

b 
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In 1^, explicit solutions are also obtained for the warping function to make the 
space-time as Einstein when the fiber is also Einstein. 

5.2. Type (II). Let M = I x ^^Fi x ^2-^2 be a Type (II) warped product space-time 
with metric g = —dt^ © blgpi © b\gF2- Then the scalar curvature r of (M, g) is given as 



T 



rp, , J'i , M , Jh'^ 



h" 

>i h 
Note that Tp-^ = 0, since dim(Fi) = 1. 



ii^'t^X^'[t 



+ 4 



6162' 



d 



If Vi is a vector field on Fi, for any i £ {1, 2} and x = -— + vi + V2, then 



Ric(x,x) 



RiCF2(^2,''^2) 



b'( b'i 



+ ibib'; + 2 



bib[b'2 



9Fiivi,vi] 



b2h'i + {b'^Y + 



bib'^b'^ 



gF2{v2,V2) 



Note that Ric^^ = 0, since dim(i^i) = 1. 

• Classification of Einstein Type (II) generalized Kasner space-times: 

Let M = I x^vi Fi x^P2 F2 be an Einstein Type (II) generalized Kasner space-time. 
Then the parameters introduced before Proposition \4-3[ are given by ^ = pi + 2^2, 
T] = p\ + 2p2 ■ Hence the latter arises 



{E-K - II) 



(r/-C)^ + C— = A 

Pi (c-i)^ + ^ 



K^- 



.2p2 



+ P2 



(C-1) 



(/,- 



+ 






A. 



The last equation implies in particular that \f2 is constant. 
Let the system 



{^-■v) 



\0<ip. 
where ly and a are real parameters. All its solutions (p'^ have the form 



^"(t) 



At + B 



-ut 



if z^ < 0, 
if z^ = 0, 
if 1/ > 0, 



with constants A and B such that 99 > 0. 
Furthermore, let the {ip^]u) modified system 



((^-z.;*) 



[(Of = ^{V''? 
(/J>0. 

Note that u must be > 0. It is easy to verify that all its solutions are given by 

^%t)=Ae^^\ 

where ^ is a positive constant. 
Consider now two cases, namely 
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1 , 3 2 

--pi andr?= -pi. 

r] = 0: Thus, pi = 0, for all i and = A = Xp^. Thus the corresponding 



(^ = 0: First of all, note that p2 



metric is 



-dt + gp^ + gF2 ■ 



r] ^ 0: Then Pi ^ 0, p2 ^ and 



[E-K - Hi) 



If 



Pi 






V' 



v? 



A 



2^' 






Xf2 = 0: then A = and ip is constant ipo. Thus the corresponding 



metric is 



2pi 



2p2, 



dt +ipff gpj +^(f gPi- 



Afj / 0: then _^ = -A, as consequence (^ is constant and consider- 
ing the system this gives a contradiction. 
C 7^ 0: Hence r/ / and by Re'mark \4-4\ ^he system reduces to 



{E-K - Ilii) 



t ^ 



A 



c ^« 

xf, ^ P2 {ip^r _ , 



if- 



,2p2 



c ^« 



r] = C^: So pi 7^ and either P2 = or p2 = — 2pi. If 

A = : then Xf2 = 0. Thus, the corresponding metric is 



o2pi 



2P2, 



-dt' + ^-P^gF,+ip'P^gF„ 

where ip satisfies (c/?^;0). 
X ^ 0: then C = Pi and p2 = 0. Hence, by the third equation 
Xf2 = A. Thus, the corresponding metric is 

-dt"^ + p^^gFi + 5F2 , 



where (p satisfies ((/?^; A) 
ry / C^: Then P2 7^ and ^ 



So, if 



P2'P>- 



2p2 



Pi 
P2 



1 A. 



oCV 



A = : then the first equation implies, ip'' = {At + B) '^ and {p 

^(^-l){At + B)^~'A^. 

Aj?2 = 0: then applying the third equation results ^ = 0, so p>'^ is 
constant and (/9 is a positive constant c/Jq- Thus the correspond- 
ing metric is 



.2pi 



2P2, 



dt ^pD^gF^ +p^Q^^gF2- 
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C V 



1 



Ai?2 / 0: then pi = 0, hence P2 = -, jo ~ ~' ^°' ^^ ^^^ third 
equation Xp^ = —A'^ < 0. Thus the corresponding metric is 

with (p as above. 



A 7^ 0: then pi 7^ 0, hence 



Af, 



if 



2p2 



1-^lA. 

P2 



Ai?2 = 0: then pi = p2 and the system can be reduced to 



^ 



ci 



3 c/?f 



which is equivalent to the solvable system (cp'^; 3A; *). Note that 
A must be > 0. 
Ai?2 7^ 0: then ip is constant and this gives a contradiction. 

The table that follows specifies the only possible Einstein generalized Kasner space- 
times of Type (II) with the corresponding parameters. The last column indicates the 
function cp or the system which it satisfies. 



c 


V 




A 


Xf, 


Pi 


P2 


metric 


f 






















-d<^ + gp, + gP; 


- 





IpI^o 


- 








^0 


-5P1 


-Ae+pl^-gp^^p^^-gp, 


po — cte > 





IpI^o 


- 


- 


^0 


^0 


-5P1 


no metric 


- 


^0 


e 


1 








7^0 


0, -2pi 


-Ae + ^^P^gp.+^'^P^gp^ 


(^'^;0) 


^0 


e 


1 


^0 


A 


7^0 





-di^ + p^P'gp.+gp, 


iv^-A) 


^0 


^0 


^1 








Pi 


^0 


-de + ipl^^gp, + ^l^^gp. 


(^0 — cte > 


^0 


^0 


^1 





<0 





^0 


-dt^+gp.+ip^P^gp, 


(¥'^;0) 


^0 


^0 


^1 


>0 





P2 


^0 


-de + ip^P^gp,+ip^P^gp, 


(^'^;3A;*) 


^0 


^0 


^1 


^0 


^0 


Pi 


^0 


no metric 


- 



Table 1 

Note that Corollary \4S\ cannot be applied in the situations above. 
• Classification of the Type (II) generalized Kasner space-times with con- 
stant scalar curvature 

Let M = I XipPi Fi x^P2 F2 be a Type (II) generalized Kasner space-time with 
constant scalar curvature. Then the parameters introduced before Proposition \4-ll\ 
satisfy C = Pi + 2p2 , ?? = pf + 2p2 and 



,^2 



{esc — K — II. a) 



r = 2C^ + [(C-2)C + ,]% + 

Lp ip'^ ip 



TF2 
2p2 



Note that tf2 niust be constant if there exist a positive solution of {esc — K — II. a) 
(see also Provosition VJ.5^ . We consider two principal cases with different subcases. 

C = : If 

?7 = 0: then pi = P2 = 0, r = Tp^ and the corresponding metric is 



r/ / 0: then p2 
reduces to 



-dt + gp^ +5F2- 

1 3 

-—pi and Tj = —pi = 6p2. The equation {esc — K — 1 1. a) 



{esc -K- II. b) 



' (^2 ^ C^2p2 
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(^ 7^ 0: implies f] ^ and considering < u = {tp^) 2 , Corollary |^. i^ij arises the 
relation 

4 P2 

— 17 



{esc — K — II. c) 



4 



1- 



(5.1) 



-i^ 



u 



-rn + TF2U 






C^: Then pi 7^ 0, either P2 = or p2 = — 2pi, and u = (/9^. 
TF2 = 0: So the equation reduces to 



-2u" 



-TU. 



TF2 + 0: If 



P2 = 0: the equation reduces to 

—2u" = — (r — Tp^)u. 
P2 = -2pi : 

II 



-2u" 



-TU + Tp„U 3. 



ri / C^: Then P2 / and -tt > 77. 



TF2 



0: 



-rti 



1 + 



TF, + 0: 



(esc — ii' — II. c) 



1- 



-i^ 



-rn + tfoU 



V 



1 



Note that a particular subcase is „ — 

C 3 

P2 = — (see Remark 

non-homogeneous linear ordinary differential equation 



In fact, in this case, pi = 
and the latter equation reduces to the 



-3u" 



-TU + TFn 



Synthetically, remembering that in each case the corresponding metric may be writ- 
ten as — dt^ -|- if'^P^gFi + (/?^^^gF2) we find that the only possibilities to have constant 
scalar curvature in a generalized Kasner space-time of type (II) are generated by 



c 


V 


^ 


TF2 


Pi 


P2 


c^eq. 










TF2 










T = TF2 





IpI 


- 





/o 


-^Pl 




r = ,'^ 





IpI 


- 


/o 


/o 


-bl 




r = .,4^ + ^ 


C/o 


e 


1 





/o 





-2u" 


= — rn; u = (p^ 


C/o 


e 


1 





/o 


-2pi 


-2u" 


= —Tu; U = Lp^ 


C/o 


e 


1 


/o 


/o 





-2u" 


= -{t-tf2); u = ip^ 


C/o 


e 


1 


/o 


/o 


-2pi 


-2u" 


= —TU + TF2U~3] U = if^ 

1+ ^ 


C/o 


r?/0 


/I 





Pi 


/o 


(FTl); 


n = (99^) 2 

1+ ** 


C/o 


r?/0 


/1>^ 


/o 


Pi 


/o 


{esc - 


K-//.c);'u = (/) 2- 


C/o 


CI 
3 


1 


7^0 


c 

3 


c 
3 


-2,u" 


2^ 
= — rn -I- TiT'j; n = 993'' 



Table 2 
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where the conditions for r must be imposed by the existence of positive solutions of 
the ordinary differential equations of the last column, on the corresponding interval /. 

5.3. Type (III). Let M = I x h-^Fi x {,2-^2 x bs-^s be a type (III) warped product 
space-time with metric g = — di^ © fef^i^i © ^2ffi^2 © ^SFs- Then the scalar curvature r 
of (M, g) is given as 



K , b'i 



+ — + — + 
61 62 63 6162 



3 , m , 62^3 , ^'i&3 



6263 ^1^3 



5 



Note that tf- = 0, since dim(Fj) = 1, for any i G {1, 2, 3}. 
If Vi is a vector field on Fi, for any i S {1, 2, 3} and Ir 

Ric(x, x) = 
+ 



+ ^1+^2 + ^^3, then 



^^^,,^b^^bm 



626'2' + ^ + 



^3 



b,hl + ^k + ^35'36'2 



dt 

9fAvi,vi) 

9F2{V2,V2) 
9F3{V3,V3) 



hi 62 

bl_bl_bl 

61 62 &3 

Note that Rici?- = 0, since dim(Fj) = 1, for any i G {1,2,3}. 

• Classification of Einstein Type (III) generalized Kasner space-times 

Let M = Ix^PiFi x^P2 -F2 x^P3 F3 be an Einstein Type (III) generalized Kasner space- 
time. Then the parameters introduced before Proposition \4 ■ ^ satisfy C, = Pi + P2 + Pz-, 
T] = Pi + P2 + Ps- Hence the latter arises 



{E-K - III) 



if^ if 
if^ if 



A 



Pi 

P2 



P3 



(C 
(C 
(C 






Lp- LP 

Note that adding the last three equations, there results 



A 
A 
A. 



(5.2) 



C 



-.i\2 



(C 



i)<^ + ^ 



3A 



Consider now two cases, namely 

C = 0: Then applying (|5.2|) . we obtain A = 0. 

?7 = 0: Thus pj = for all i. Hence the corresponding metric is 

-dt^ + gp^ + gF2 + 5^3 • 
r/ / 0: the system reduces to 



{E-K - Illi) 



V- 



^ 



Pi 



if') 



'\2 



+ 



f 



for alH = 1,2,3. 



if- if 

then ip is constant ipQ. Thus the corresponding metric is 



2pi 



2P2, 



.2P3. 



dt + (^0 S'Fi + V^o S'Fa + <^o yi^a 
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C 7^ 0: Thus r] ^ and by Remark^^^the system reduces to 

A 



{E-K - Illii) 



(5.3) 



cHv'^^r 






A for all i = 1, 2,3. 



Adding the last three equations in (E — K — 1 1 Hi), we obtain that 



V'' 



.c 



3A 



rj = ("^r Then ()5.2() and (|5.3() . give A = 0. Thus, the corresponding metric is 

where ip satisfies {(p^;0). 
r] y^ C'^: Then at least two pi's are 7^ 0. So if 

A = : then the first equation implies ip'' = {At + B) ^^ and (99^)" = 

/-2 /a2 \ (-2 

— — - 1 Mt + B)~'^A'^. Then by (10) results ^ = 0, so tp'^ 
rj \ri ) 

is constant and 99 is a positive constant 999 • Thus the corresponding 
metric is 

-dt^ + ^^Q^gp^ + ^^^'^9P2 + v'o"'9P3- 
A 7^ 0: then all piS are 7^ and all of them are equals, so that pi = 

P3 



P2 



e 



V 



-. So r? = — and ^r = -. Thus the system reduces to 
3 ' 3 C^ 3 ^ 



,j^^h" _ H^'^r _ ^^^ 



^ 



ck 



if' 



< 



which is equivalent to the solvable system ((/?''; 3A; *). Note that A 

must be > 0. 

The table that follows specifies the only possible Einstein generalized Kasner 

space-times of type (III) with the corresponding parameters. Like for the table 

of Type (II), the last column indicates the function (p or the system which it 

satisfies. 

This example may be easily generalized to the situation all the Fi's are Ricci 
fiat, considering 5 = J2^i *« > 1 instead of 3. 



c 


77 


^ 


A 


Pi 


P2 


P3 


metric 


V 






















-dt^ + 5Fi + gF2 + 9F3 


- 





^0 


- 





Pi 


P2 


P3 


-dt^ + pl^^gp^+pl'^gF^+pl^^gp, 


po = cte > 


^0 


e 


1 





Pi 


P2 


P3 


-dt^ + p^p^gp, + P'^P'gp, + P^P'gPs 


(/;0) 


7^0 


^0 


^1 





Pi 


P2 


P3 


-df2 + ^iP^gp^ + ^f-gp^ + ^iP^gp^ 


Po — cte > 


^0 


^0 


7^1 


>0 


Pi 


Pi 


Pi 


-di2 + ^^Pigp^ + ^-^P^gp^ + p^P^gp, 


{p'^;3X;^) 



Table 3 

• Classification of Type (III) generalized Kasner space-times with con- 
stant scalar curvature 

Let M = I x^Pi Fi x^P2 F2 x^P3 F3 be a Type (III) generalized Kasner manifold 
with constant scalar curvature. Then the parameters introduced before Proposition 
14. ii| satisfy C = Pi + P2 + Ps, ^ = pf +P2 +^3- Thus, this case is already included in 
the analysis of Example\4.15\ 
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We will close this section by an example and the following comment which gives 
some preliminary ideas about our future plans on this topic (see also the last section 
for details). 

Example 5.2. Let M = Ix^pi S3 x^p2 §2 be a generalized Kasner manifold with constant 
scalar curvature. Then the parameters introduced before Proposition \4- 1 l\ aTe given by 
C = 3pi + 2p2, 1] = 3pi + 2^2- Consider now pi = 1 and p2 = —1, then C = 1 and rj = 5. 
Hence, applying Corollary \4. l^ the latter conditions arise for u = ip^ the problem 

{2 22 

--u" + TU = TSgU^-a + Ts^-u^+s, 
u> 0, 

where r^g, r§2 > are the constant scalar curvatures of the corresponding spheres. Note 
that the equation in (|5.4j) has always the constant solution zero and there exists ri > 
such that for r = ri there is only one constant solution of (|5.4|) and for any r > ri there 
are two constant solutions of (|5.4|) . so that there exists a range of r's, (ri, +00), where 
the problem (|5.4|1 has multiplicity of solutions; while there is no constant solutions 
when r < Ti. 

On the other hand, as in Example I5.ij| considering S3 instead of S2 with the same 
values of pi and p2, i.e., M = / Xi^pi S3 x^p2 S3, results ( = 3pi + 3p2 = 0, 77 = 
3pi + 3p2 = 6. Hence, applying Proposition \4- 1 l\ the latter conditions arise the problem 




_ _ _ ^2 I ^ I ^ ,„4 

(5.5) 



-Tip^ +TS3 +r§3V7^ 



The equation in (|5.5j) does not have the constant solution zero. Furthermore there is 
no constant solution of (|5.5|) if r < 2r§3, there is only one constant solution of (|5.5|) if 
T = 2r§3 and two constant solutions of (|5.5|) if r > 2r§3 . 

The cases considered above are just some examples for the different type of differential 
equations involved in the problem of constant scalar curvature when the dimensions, 
curvatures and parameters have different values. In a future article, we deal with 
the problem of constant scalar curvature of a pseudo-Riemannian generalized Kasner 
manifolds with a base of dimension greater than or equal to 1. This problem carries 
to nonlinear partial differential equations with concave-convex nonlinearities like in 
(|5.4|) . among others. Nonlinear elliptic problems with such nonlinearities have been 
extensively studied in bounded domains of M", after the central article of Ambrosetti, 
Brezis and Cerami ^, in which the authors studied the problem of multiplicity of 
solutions under Dirichlet conditions. The problem of constant scalar curvature in a 
generalized Kasner manifolds with base of dimension greater than or equal to 1 is one 
of the first examples where those nonlinearities appear naturally. Another related case 
is the base conformal warped products, studied in |29j . 



6. BTZ (2+1) Black Hole Solutions 

Now we consider BTZ (2+l)-Black Hole Solutions and give another characterization 
of (BTZ) black hole solutions mentioned in Section 2 (for further details see [511^1 11^1^ 1 
in order to apply the results obtained in this paper. 

All the cases considered in J13j, can be obtained applying the formal approach that 
follows. By considering the corresponding square lapse function A^^, the related 3- 
dimensional, (2 + l)-space-time model can be expressed as a (2 + 1) multiply generalized 
Robertson- Walker space-time, i.e., 

(6.1) ds2 = -di2 + 6?(i)da;2 + hl{t)d(l)'^ , 
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where 
with 



(0.3) ^W'!^^" 

and -F~^ the inverse function of F (assuming that there exists) and a is an appropriate 
constant that is most of the time related to the event horizon. 
Recalhng 

(6.4) 1 = A(FoF-i)(t) = F'{F~\t)){F-'nt), 

we obtain the following properties by applying the chain rule. Here, note that all the 
functions depend on the variable t and the derivatives are taken with respect to the 
corresponding arguments. 

• bi = N{b2) 

• b'2 = iV(F-i) = 61 

• 6'2 = iV(52) 

. b[ = b'^ = N'{b2)b'2 = N'{b2)bi 

. b'l = N"{b2)b'^bi + N'{b2)b[ = N"{b2)bl + {N'{b2))Hi. 

Thus, 



61 



N"ib2)bi + iN'ib2)f 
N"{b2)N{b2) + {N'{b2)f 

{N'Ny{b2) 



(6.5) 



= \{Ny{b2) 



1 {N^Jibl) 



b\b^ ^b^ 
61 62 ^2 



On the other hand, by Corollary \2. 7| applied to the metric (|6.1|) . with si = S2 = 1- 
The scalar curvature of the corresponding space-time is given by 

'K + ^l + h^l 
61 62 61 62 



(6.6) 



'b'i b'i 

r + ^r 
61 62 



N"(b2)N{b2) + {N'{b2))^ + 2N'ib2 

(ivT(62) + 2i^¥M 



Nib2] 
62 



Note that, the latter is an expression of the scalar curvature as an operator in the 
square lapse function. Remember that 62 = -^~^- 

About the Ricci tensor, applying our Provosition \3. JJI and Theorem \cl.cl\ and by con- 
sidering again si = S2 = 1, Theorem \cl.cl\ savs that the metric ()6.1() is Einstein with A if 
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and only if 



(6.7) 



\b'i 


+ 


^2_ 


\ 




h 
K 


+ 






A 




+ 


kk 




A 


Us 




6261 







On the other hand by making use of 1)6. 5|) . the system 1)6. 7|) is equivalent to (all the 
functions are evaluated in r = 62) 



(6.8) 



2\/ 



(N 



2^// 



+ 



{NY + 

{N' 



2V 



r 

{N^y 



A, 



2A 
2A 



or moreover to the following 




(6.9) 


[(Ar2y/+(^')' =2A 

|(^^''=A.' 
^. r 


Thus, we have 




(6.10) 


[N^ = A. 


Hence, 




(6.11) N'^{r) = -r'^+cir + C2, 



with ci and C2 suitable constants. But, since {N'^y{r) = Ar + ci, the second equation 
of (|6.9j) is verified if and only if ci = 0. So, we have proved the following results. 

Proposition 6.1. Suppose that we have a (2 + l)-Lorentzian multiply warped product 
with the metric given by (|6.1|) . where 61 and 62 satisfying both (|6.2j) and (|6.H|) . The 
space-time is Einstein with Ricci curvature A if and only if the square lapse function 
N'^ satisfies (|6.11|) . with ci = and a suitable constant C2- 

Notice that the static (BTZ) and the static (dS) black hole solutions considered in 
|I5] satisfy Proposition \6.1\ Thus they are Einstein multiply warped product space- 
times. 

Remark 6.2. Remark that if A^^ satisfies (|6.11|) with ci = 0, then an application of 
(|6.6|) gives the constancy of the scalar curvature r = 3A, as desired. Note that this 
result agrees with the ones obtained in I45j • 

Furthermore, the following just follows from the solution of the involved second order 
linear ordinary differential equation arisen by the expression H6.6|) . 

Proposition 6.3. Suppose that there is a {2 + l)-Lorentzian multiply warped product 
with the metric given by 1)6. 1(1 . where hi and 62 verifying (|6.2() and ()6.3() . The space- 
time has constant scalar curvature t = X if and only if the square lapse function N'^ 
has the form 



1 A 2 

Cl-+c'^ +'^2, 

r 6 



(6.12) N'^{r) -- 

with suitable constants ci and C2- 

Note that Provosition 16'.^ agrees with Remark \6.i^ 
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7. Conclusions 

Now, we would like to summarize the content of the paper and to make some con- 
cluding remarks. In a brief, we studied expressions that relate the Ricci (respectively 
scalar) curvature of a multiply warped product with the Ricci (respectively scalar) 
curvatures of its base and fibers as well as warping functions. 

By using expressions obtained in the paper, we proved necessary and sufficient con- 
ditions for a multiply generalized Robertson- Walker space-time to be Einstein or to 
have constant scalar curvature. 

Furthermore, we introduced and considered a kind of generalization of Kasner space- 
times, which is closely related to recent applications in cosmology where metrics of the 
form 

k 

(7.1) ds^ = -dt^ + ^ e^"Mx,^ with Oj = ai{t), 

1=1 

are frequently considered (see |42[ I72j ; for other recent topics concerned Kasner type 
metrics see for instance [211 IBHl HH SHI 1^ lEHl H^ [ZZ| ) • If each warping function e^"* 
is expressed as 

(7.2) e''''^ = ipfP% with ifi = e'^ , 
for suitable pj's, then 1)7. 1|) takes the form 

(7.3) ds'' = -dt^ + Y,^?'dxl 

i=\ 

Our generalization of Kasner space-times corresponds exactly to the case in which the 
(/9j's are independent of i. More explicitly, ai = pia in Equation ()7.2() . with a = a{t) for 
a sufficiently regular fixed function. Note that a classical Kasner space-time corresponds 
to the case of a = 1 (see [SH| also) . 

By applying Lemma 2.8, we obtained useful expressions for the Ricci tensor and the 
scalar curvature of generalized Robertson- Walker and generalized Kasner space-times. 
These expressions allowed us to classify possible Einstein (respectively with constant 
scalar curvature) generalized Kasner space-times of dimension 4. We also obtained 
some partial results for grater dimensions. 

Finally, in order to study curvature properties of multiply warped product space- 
times associated to the BTZ (2 + l)-dimensional black hole solutions, we made applica- 
tions of the previously obtained curvature formulas. As a consequence, we characterized 
the Einstein BTZ (respectively with constant scalar curvature), in terms of the square 
lapse function. 

In forthcoming papers we plan to focus on a specific generalization of the struc- 
tures studied here, which is particularly useful in different fields such as relativity, 
extra-dimension theories (Kaluza-Klein, Randall-Sundrum), string and super-gravity 
theories, spectrum of Laplace-Beltrami operators on p-forms, among others. Roughly 
speaking, we will consider a mixed structure between a multiply warped product and 
a conformal change in the base. Naturally, our main interest is the study of curvature 
properties. As we have made progress on this subject, we realized that these curvature 
related properties are interesting and worth to study not only for the physical point 
of view (see for instance, the several recent works of Gauntlett, Maldacena, Argu- 
rio, Schmidt, among many others), but also for exclusive nonlinear partial differential 
equations involved. Indeed, the curvature related questions arise problems of existence, 
uniqueness, bifurcation, study of critical points, etc. (see Example 5.2 above and the 
different works of Aubin, Hebey, Yau, Ambrosetti, Choquet-Bruat among others). 
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